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Abstract 

Let X be a smooth projective surface and D be a smooth divisor over an algebraically closed field k. In 
this paper, we discuss the moduli schemes of the ideals of points of X with parabolic structures at D. They 
are called parabolic Hilbert schemes. The first result is that the parabolic Hilbert schemes are smooth. And 
then some of the studies of Ellingsrud-Str0mme, Gottsche, Cheah, Nakajima and Grojnowski on the Hilbert 
schemes can be naturally generalized in the parabolic case. 

We determine the class of the parabolic Hilbert schemes in the Grothendieck ring of fc-varieties: The 
class is described in terms of products of the symmetric powers of X and D and the afiine spaces. Thus 
we obtain a formula for the generating functions of the _E-polynomials or the Poincare polynomials of the 
parabolic Hilbert schemes of a smooth projective surface X and a divisor D over the complex number field 
C. 

Moreover we obtain the extension of the Nakajima-Grojnowski theory for the parabolic Hilbert schemes: 
i.e., we introduce the incidence varieties which induce the operations on the cohomology groups of the 
parabolic Hilbert schemes. We see that the Heisenberg relations holds. Thus we obtain a representation of 
Heisenberg algebra. 
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1 Introduction 
1.1 Preliminary 

1.1.1 Parabolic Hilbert schemes and our purpose in this paper 

Let X be a smooth projective surface over an algebraically closed field k, and _D be a smooth divisor of X. 
Let _B be a torsion-free sheaf. We consider a filtration of Oo-modules 5* ~ {Ga \ a £ Z}, where Qa is a 
quotient sheaf of Qa-i and there are numbers a- and a+ satisfying the following: Qa = E ® Od for any 
a < a- and d = for any a > a+. Such filtration is called a parabolic structure. A tuple (7, C/*) of ideal 
/ of points on X and a parabolic structure 5* of / at 7? is called a parabolic ideal of points on {X, D). The 
moduli schemes of parabolic ideals of points are called the parabolic Hilbert scheme of points on X. 

We put ICa := Ker{Qa — > Ga+i) and Oz '■= O/I for a parabolic ideal (1,5*). We have the unique 
jumping number ao such that ICag is not torsion as an Co-module. In this paper, we consider only the 
parabolic ideals whose jumping numbers are 0. Let O be a point of X. The condition Supp{Ox / 1) U 
Ua^o ^^PP(^°') ^ determines the closed subschemes of the parabolic Hilbert schemes. Such closed 
subschemes are called the punctual parabolic Hilbert schemes. 

The starting point of the study is the following: 



Theorem 1.1 (Corollary 2.1) Let X be a smooth surface and D be a smooth divisor. The parabolic Hilbert 
schemes of points on {X, D) are smooth. 

Thus we obtain a family of smooth varieties which are moduli scheme of some algebro-geometric objects. 
It seems natural to expect some interesting properties for such a family as in the case of usual Hilbert schemes 
of points on a smooth surface. The study of Hilbert schemes of points on a smooth projective surface is one 
of the most exciting subjects in the recent mathematics. What the author would like to do first in the study 
of parabolic Hilbert schemes is to generalize the excellent researches for the Hilbert schemes of points on a 
smooth surface. In this paper, we will discuss the following: 
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• Wc SCO the structure of the punctual parabolic Hilbert schemes. We obtain the cell decomposition and 
an extension of the theorem of Briangon. 

• We consider the classes of the parabolic Hilbert schemes in the Grothendieck ring Ko{Vk) of the smooth 
varieties over k. We will obtain the formula to describe the parabolic Hilbert schemes in terms of the 
symmetric powers of X and D. In particular, we obtain the formula of the Betti number of the parabolic 
Hilbert schemes. It is a generalization of the formula of Gottsche. 

• We sec the operators obtained as the correspondence map induced by some incidence varieties. We 
will obtain the extension of Nakajima-Grojnowski theory in our parabolic Hilbert schemes. 

1.1.2 Some notation 

We denote the set of integers by Z. We denote the set of integers larger (resp. less) than i by Z>i (resp. 
Z<,). We put Ua = Z for any a G Z. We put as follows: 

W:=0Wa, U-:=^Ua, W+:=0Wc 

a& a<0 a>0 

We have the natural direct sum decomposition U = Uq® IA+ ® U- . We denote the projection of U onto Lie 
by pa for any integer a £ Z. The restrictions of pa. (a £ Z) to U+ and U- are also denoted by pa- We 
denote the projections of U onto U+ and U- by p+ and p- respectively. We put p := p_ ® p+. 
For any element v €U, we put as follows: 

|t'h=^|paWI, H+-=Y.\P'-i'")\' I'^l- - E l/'^WI' d{v):=2po{v) + \v\+-\v\-. 

aeZ a>0 a<0 

We put yl:= {v & T \ p^v) > (a G Z), pq{v) - \v\- > 0}. 

Let Ba be the element of U such that pg{ea) is (/3 a) or 1 (/3 = a). We put as follows: 

{{m ■ So + ea\rn e Z> o}, (a > 0), 
{m • eo + Ca I m e Z> i}, (a < 0), 
{m • eo I m € Z>i}, (a = 0). 

We put C+ := Uc>o C'- •= IIc<o ^'ii'l ^ = C-UC+UCo. The set -C is defined to be {r € W | -r € 
C}. Similarly we obtain the sets —Co, — C+, and —C-. We put C := C U (— C). Similarly the subsets C+, 
Co and C- are defined. 

The function g on the set C is defined as follows: 

/ N / -1 (we -C+, or w € C-) , , 

^^'^> ~\ (otherwise). ^ ' 

For an element u of C, let max(0, u) denote u (it G C) or (u G — C). 

Let a;^ (q G Z) be variables. For any finite subset A G Z, we have the ring of formal power series 
TZa '■= Z[[a;A (A G A)]]. For two finite subsets Ai {i = 1,2) of Z such that Ai C A2, we have the natural 
morphism 7?,a2 — > TZai- Thus we put TZ := ^im^^^^ TZa- Let v be an element of U satisfying Pa{v) > 0. 

The element Yl^ Xa"'"' of TZ is denoted by x". 

1.1.3 The length of parabolic ideals 

Let a; be a point of X and be a coherent sheaf on X with finite length. We denote the length of at the 
point X by lengthy (.7^) . We denote the length of by length(J^), that is J2xex ^'^^^S^^xi^) = length(jr). 

Let (/, Q,) be a parabolic ideal of points on {X, D). Let x be a point of X. Then we have the numbers 
length^(/Ca) G Ua for any a ^ and length^(C'z) G Uq. Thus we obtain the element of U. We denote it by 
length, (/,g,). 

Lemma 1.1 length,(/, ^«) is contained in A. 

Proof We put K := Ker(7(g) Od — *■ Go). We have to show the inequality length,(J!') < length,(e'z). We 
denote the torsion part of I^Od by T. Then we only have to show the inequality length,(T) < length,(Cz). 
The sheaf T is isomorphic to Tor'^{Oz, Od). We have an injection Tor^{Oz, Od) — * Oz ® 0{-D). Thus 
we obtain the inequality desired. I 
We put length(/, S*) := '^^^^\ength^{I,G*)- We call it the length of parabolic ideal {I,Q»). It is also 
the element of A. 
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1.1.4 The parabolic Hilbert schemes and the symmetric powers associated with v 

In general, we denote the n-th symmetric power of a scheme Y by y'"' for any integer n. We have the 
natural projection Y" — > Y^"\ We denote the image of {xi, . . . ,x„) £ Y" via the projection by - Xi. It 
can be rewritten as X^^gx /(^) ' ^• 

The variety Ya is defined to be X (a = 0) or D (a 7^ 0). Let v be an element of T satisfying pa{v) > for 
any a. Then we put X*"' — riaez'^^''"^""- On the other hand, we denote the moduli scheme of parabolic 
ideals of points with parabolic length v by X'"' for any element v £ A. In particular, if w = n ■ eo, then we 
denote X"!"' also by X"!"'. 

In general, we put Supp(jr) := ^^^x l^ngth^(jr) • x G x'''^"^*'^''^^^ for a coherent sheaf on X. For a 
parabolic ideal (/, G,), we have the points Supp(Clz) e x('™sth(Oz)) ^ Supp(K;a) £ i5(i<="g*(K:„)) ^ 
Thus we have the natural morphisms X'"' — > yKpo{")) gj^gjj i^y ^j^g correspondence {I,Q,) 1 — > Supp(C'z), 
and Xl^l > yjPaC")) 

given by the correspondence {I,Qt) 1 — > Supp(A3q). Thus we have the Hilbert-Chow 
morphism X'^' — > X'"'. 



1.2 The main results 
1.2.1 Poincare Polynomials 

One of our purpose in this paper is to obtain the formula to describe the class of the parabolic Hilbert 
schemes in terms of the symmetric powers of X and D, in the Grotendieck group KoiVk) of smooth k- 
varieties over k. Let A' denote an Z-dimensional afBne space over k. For a variety Y and an integer a, we 
put as follows: 

00 

Sa{Y,t) = ^(F X A'')(") .t" e Ko{Vk)m]. 

71=0 

Theorem 1.2 (Gottsche 0) Let X be a smooth surface over an algebraically closed field k. In Ko{Vk)[[t]], 
the following eguality holds: 

Y^x^"^ -t" = l[s^-i{x,e). (2) 

n=0 1 = 1 

When the ground field k is the complex number field C, we can obtain the formula of the generating function 
of the E-polynomials o/X'"' tn terms of those of the symmetric powers of X . I 

Remark 1.1 Note that de Cataldo and Migliorini proved the equality (jij) holds as Chow motives (Q). 

We prove the following equality. 

Theorem 1.3 (Theorem 3.1) Let X be a smooth surface over an algebraically closed field k, and D be a 
smooth divisor of X , Let X'"' denote the parabolic Hilbert scheme of points on (X, D) with parabolic length 
V [v £ A). In KoiVk) ® TZ, the following formula holds: 

00 CXD 00 

Y,X^"^ ■x'' ^\{S,-^{X,xl)x \{\{S,-r{D,xl-x^)x \{\{S^{D,xl-Xo.). (3) 

veA i=l c<<Oi=l c<>Oi = 

When the ground field k is the complex number field C, we obtain the formula of the generating function of 
the E-polynomials o/X'"' in terms of those of the symmetric powers of X and D. I 

As a corollary, we can calculate the Betti number of the parabolic Hilbert scheme for a smooth projective 
surface X and a smooth divisor D. In general, we denote the Poincare polynomial by P{Y, z) with a variable 
z, and we denote the j-th Betti number by bi{Y) for a topological space Y. We denote the generating 
function Er=o-P(^'"''-^) ^y Px{z,t), which was calculated by Gottsche: 



(^_^^2m-1^7n-)bi(X)(j_^^2m+l^m)i,3W 



We can derive the following formula of the generating function of the Poincare polynomials of parabolic 
Hilbert schemes of points on (X, _D) from the equality (^. For a = 0,1 and for a G Z — {0}, we put as 
follows: 

p , ^ ^ n (^^^2(7n-a) + l^y^^)bi(C) 

t^D{Z,X0,Xo,,a) . ^_^2{m-a)2.™3,^)6o(D)(l_^2(™-a)+23.mj.^)i,2(D)- 
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Corollary 1.1 Let X be a smooth projective surface over the complex number field C, and D be a smooth 
divisor of X . We consider the generating function of the Poincare polynomials with variable z of the parabolic 
Hubert schemes. The following formula holds in Z[z] (g) TZ: 

J2 P{X^''\z)-x'' = Px{z,xo) X Yl Pd{z, xo,x^,l) X Y[ Pd{z,xo,Xc,0). (4) 



■veA 



I 

Remark 1.2 By using the result of de Cataldo-Migliorini |Q and our cell decomposition in sectio n H , we 
can show that the equality (H) holds as the Chow motive. The purpose of the argument in subsection |2.3[ and 



section i.5 is to clarify the combinatorics to derive the formula m) directly from the cell decomposition. 



1.2.2 The incidence varieties and the induced operations 

For any element u of C, the variety F„ is defined to be X {p{u) — 0) or D {p{u) ^ 0). For any element v A, 
we put C{v) := {u e C \ v + u e A}. Then we define the incidence variety Z{v, u) C X'"' x y„ x x'^^"' 
for any v £ A and u £ C{v). It is defined to be the closure of the following locally closed subscheme: 

i((T G \ T (T a \\ \ (-^I'^i.*) = (-^2,^2,*) on X - {a;}, "i 
<^[{ii,yi*),x,(i2,y2,)) I iength^(C/7i,gi,,) =max(0,-u), lengthy (O/Ja, ^2,.) = max(0, u) J' 

The dimension of Z{v,u) is d{v) + poiu) + 1 -\- g{u). 

Let H* be an appropriate cohomology theory defined for algebraic varieties. For example, we consider 
the singular cohomology defined for algebraic varieties over the complex number field C. We put as follows: 

H(X, D) ~ H* (X'"' ) ® x" 

Here a;" is added to emphasize the grading. We give the multi-grading of M{X, D) over Z> o x A. Let a^x'" 
be an element of C>§ a;" . The multi-degree deg(a Cgia;'') is defined to be (deg{a),v) £ Z> o x A, where 

deg(a) G Z>o denotes the degree of a in //'(X'"'). 

From the incidence varieties Z{v,u), we obtain the operators q„(a) : — > We 
denote the projection of X'"' x y„ x x''^^"' to the i-th component by pi. Then for any c £ H*{X^'"^), the 
element q„ (a) (c) is defined by the correspondence as usual: 

q„ (a) (c) ~p3, {pi (c) U P2 (a) U [Z{v ,u)]). 

When u is not contained in C{v), then q„(a)(c) is defined to be for any element c G H*{X^'"^). As a result, 
we obtain the operators q„(a) : E.(X, D) — > M{X, D). We have the grading of End{M{X, D)) over Z xU, 
which is naturally induced by the grading of H(X, D) . Note that the multi-degree of the element q„ (a) of 
End{U{X,D)) is as follows: 

deg(q„(a)) = (^deg(a) + 2{po{u) - 1 - g{-u)),uj eZxht 

For any v £ U, the number e„ is defined to he {v ^ 0) or 1 (t) = 0). For each element u G C, the 
number sgn(u) is defined to be 1 (u G C) or — 1 (u G — C). The next theorem is the main result of the 
paper. 



Theorem 1.4 (Heisenberg relation, Corollary 5.1) Letui,U2 be elements of C . Let Oi be an element 



■m(x,D)- 



of H* (Yui) for i — 1,2. Then the following relation holds: 

[q«i(ai),q«2(a^2)] = e«i-i-«2 ' ■ {^j a-i ■ 02^ ■ id] 

Here id^(^x,D) denotes the identity ofM.{X,D), and we put as follows: 

=s3n(ui). (-|po(ui)| + |ui|_)'"'"^'(-l)''°("i)-l"il 
In particular, the number p,(u\) is not 0. 
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1.2.3 The representation of the Heisenberg algebra 



By the main theorem, we obtain the structure of the representation of the Heisenberg algebra on EI(X, D) 
as in the case of Hilbert schemes. We follow the argument in We consider the following vector spaces: 

- W_ := W--W+(BW-. 

The multi-degree of W over the set Z>o x C C Z>o x W is defined by deg(a ® x") = deg(q„(a)). We have 
the following non-degenerate graded skew-symmetric pairing (• , ■) over W: 



ai ■ a2 



We have the natural grading of the tensor algebra TW :— over Z>o x U induced by the grading 

of W . The two sided ideal J of TW is generated by the expressions [v, w\ — {v, w) for any v,w G W. Then 
the oscillator algebra Ti. is defined to be Ti. ~ TW/J. The correspondence x ® i — > <^u{x) induces the 
homomorphism of TW to End{W{X , D)) of the graded associative algebras. The theorem implies that it 
induces the morphism of Ti to End{W{X , D)") , i.e., H(X, D) is the H-representation. 

Let H-W- denote the left ideal generated by W_. Then we have the left 7i-module T-l/H-W- , which 
is naturally isomorphic to the graded symmetric powers Sym(W+) of the space W+. Then we have the 
7i-homomorphism '3/ : Ti./Ti.-W- — > H(X, D) induced by the correspondence 1 i — > lj^o(x[oi)- As usual, the 
module Ti./Ti.-W- is irreducible, and the generating function of the dimensions of TL/Ti-W- is same as that 



for H(X, 7?), which is obtained in Corollary 1.1, Thus the morphism ^ is an isomorphism as in the case of 



Hilbert schemes. In all, we obtain the following theorem. 

Theorem 1.5 We have the T-L-representation structure o/H(X, D). It is isomorphic to Ti/Ti. ■ W-, which 
is irreducible. I 
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2 Preliminary 

2.1 Smoothness of parabolic Hilbert scheme 

Let X be a smooth surface over an algebraically closed field k, and D be a smooth divisor of X. Let (J, C/*) be 
a parabolic ideal of points on (X, D) with parabolic length v (v £ A). We have the numbers a_ and a+ such 
that pa{v) = unless a_ < a < a+. Let take a projective resolution of 7, that is, V. := {V-i — > Vo) ~ I. 
We denote Vi ® Od by Vd.j- Then we have the complexes Ci := C one{T-Lomx{V. ,V.) — > O) on X, and 
Ca --nomDiVD ^VD -M on D. 

We put vjj'^ := Ker(yDo — > Qa)- Note — Vd -i for any a < ci_, and V^"' = Vdo for any a > q+. 
We put Ai^i+i := Cone{Vjj°'^ '^d"^^'')- Then we obtain the complexes HomD{Aa,a+i, Aa,a+i) for any a. 
Thus we have the morphisms ■HomD(V^"', F^"') — > nomD{V^°'\V^°"^^^) and HomD{V^°"^^\V^"+'^^) — > 
-HomD(V^"\ On the other hand, we have the naturally defined morphisms 7iomi3(V^"+' , 1/^" ') — > 

any a_ < < ck+- Then we put as follows: 

Q:_j_ — 1 

Here the degree of elements of HomD{vl^'*'\ Vj^""') is —2. 
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We have the composite of the morphisms Ci — > HomxiV., V.)[l] — > C3. On the other hand, the mor- 
phism C2 — > C3 is induced by the naturaUy defined morphisms 'HomD{V^\ V^^^^) — > HorriD (Vd -1, Voo) 
and the foUowing projection: 

nomD{V^"\v^"^) ^nomDiVD-i,VD-i)(BnomDiVDo,VDo). 

1 — ct _ 

Thus we obtain the following complexes: 

C{I,g,) ■- Cone{Ci®C2 — ^ C3)[-l], Cpar{I,g*) ■- Cone{C2 —> C3)[-l]. 
Lemma 2.1 The hypercohomology group W {C(I ,Qt)) vanish unless i j^O. 

Proof We consider the cohomology sheaves T-C{C{I, G*))- Let P be a point of X such that P is not contained 
in the supports of the coherent sheaves O/I ot K-a (a 7^ 0). Then the complexes d axe acyclic around the 
point P. Thus the support of 7i'(C(/, C/*)) is 0-dimensional. Since the morphism 7iomx(VLi, VJj) — > 
T-LomoiVD -i,Vdq) is surjective, we obtain Ti} [C{I ,Qt)) = 0. It is easy to see that Ti.'{C{I,G*)) ~ for 
i < 0. Thus we obtain the result by using the spectral sequence. I 

Corollary 2.1 The parabolic Hilbert scheme points on a smooth projective surface is smooth. 

Proof The obstruction theory of the moduli of oriented parabolic sheaves are given in section 4 of p^ . 
Note th at a parabolic ideal is equivalent to a parabolic sheaf of rank 1 whose determinant bundle is Ox- 
implies that the ( — l)-th cohomology sheaf of the obstruction complex vanishes. Thus we obtain 



2.1 



Lemma 

the result. I 
The following corollary is also obtained from the obstruction theory. 

Corollary 2.2 The tangent space at the points corresponding to a parabolic ideal {I,G*) *s naturally iso- 
morphic to B°{C {I, G*))- I 

2.2 Some isomorphisms 

Let a- and a+ be integers such that a_ < < q+. Let A{a-, a+) denote the set of elements v oi A such 
that Pa{v) = unless q_ < a < a+. Let take an integer /? 7^ such that a_ < P < «+• We associate v'{l5) 
to D G A{a- ,a+) as follows: When /3 > 0, we put as follows: 

0, [P < a ox a < Q- — a+ + 13), 

('(FiW-) P'^('")' (0 < a < /3 or a_ < a < 0), 

Pa-c.^+a+{v), {a- - a+ + (3 < a < a-). 



Then v'{/3) is the element of A{a- — a+ + (3, l3). When /3 < 0, we put as follows 
Pc{v'{(3)) := . 



'0, {a < P OT P + a+ - a- < a) 

Pa{v), (/3<Q<OorO<Q< Q+), 

Pa-c,^+a_{v), {a+ < a < P + a+ - a^). 



Then v'{P) is the element of A{P + 1,P + a+ - a-). 

Let {I,G*) be a parabolic ideal with parabolic length v G A{a-,a+). We associate the parabolic ideal 
{I',G*) with parabolic length v'{P) above as follows: 

When /3 > 0, we put I' ~ Ker(/ — > Gi3)- The sheaf /' is naturally an ideal sheaf of 0-schemes of length 
po{v) + X]a'>/3 Pc' easy to see that we have the following exact sequence of Ou-modules: 

— >Gfj(» 0{-D) — >I' ®Od — Cf) — >0. 

Here C/i denotes the kernel of the morphism Id — > Gfi- We have the naturally induced filtrations on the 
quotient Gp and the subsheaf Cfj oi I ® On- By taking appropriate shift of the indices of the filtration of 
G/s, we obtain the desired filtration on I' ® Od- 

When /3 < 0, we put /' := Ker(/ — > G0) ® 0{D). The sheaf / is naturally contained in /', and the 
cokernel is isomorphic to C13 ® 0{D) = Ker(/ ® On — > Gp) ® 0(D). It is easy to see that we have the 
following exact sequence: 

— ^Gd — >I' ®Od — ^ Cp®Od — > 0. 
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Wo have the induced filtrations on Q/s and Cfs ® On- By taking the appropriate shift of the indices of the 
filtration of Cj}, we obtain the desired filtration on /' ® Od- 

The correspondence S*) to (/',^«) above induces the isomorphism '^■„,v'(i3) of X'''' to X'" ^''^1. 

Remark 2.1 In particular, if (3 = —1 then v'{P) is contained in Uo ® L(+. I 



2.3 Symmetric powers 

2.3.1 5(A) and T(A) 

For any set A, we put as follows: 

5(A) := {/ : A ^ Z>o, #{A e A I /(A) ^ 0} < oo}. 

(5) 

T(A) - {/ : A ^ Z>o, < #{A e A I /(A) 0} < 

We have the natural injection T(A) — > iS(A). 
For any element p € iS(A), we put as follows: 

IpI :=^p(A)eZ>o 

AgA 

Thus we obtain the homomorphism | • | : S{A) — > Z>o of semi-groups. We denote the restriction of the 
map I • I to T(A) by the same notation. 

For any element / € iS(iS(A)), we put as follows: 

pes(A) 

Thus we obtain the homomorphism cjjA : S{S{A)) — > >5(A) of semi-groups. We denote the restriction of the 
morphism 4>a to iS(T(A)) by the same notation. Let 7r be an element of iS(A). Then the subset (/>]^^(7r) of 
5(T(A)) is denoted by 5(T(A),7r). 

When A consists only one element, then iS(A) is isomorphic to Z>o and T(A) is isomorphic to Z> i. We 
will use the identification without mentioning. In this case, </>a(/) is same as the number X]ogz> ^ fi^) ' ^ ^ 
5(A) ~ Z> for any / G 5(T(A)). 



2.3.2 Stratification of symmetric power 

Let V be a variety over k. Wc denote the n-th symmetric power of Y by y'"'^ We have the projection 
TTi : y" ^ y("). We put := {(xi, . . . , a;„) | / {i ^ j)} and yi"^ := 7ri(yr). 

Let A be a set. For an element p G 5(A), we put y'''^ := Hasa have the naturally defined 

morphism 7r2 : y'''^ — > y(lpl). "We put Y^''^ ■— 7r^^(yJ'''). Assume that variety Zx is given for each A G A. 
Then we have the canonical projection tts : nAgA(^ ^ Za)'''^'^^^ — > Y^''\ We put as follows: 



(n(yxz.)(''(^»)^:=.3-^(yi'"). 



ASA 

We put iV = 5(A) and N' = T(A). Let p be an element of iV and / be an clement of S{N',p). For 
any element a £ N' and A G A, we have the diagonal morphism Y — > n induces the morphism 

y/(») — , (y<x{A)^/{a) ^ ya(A)-/(a) rpj^^g ^^^^^^jj^ ^j^g morphism y^^^^ — > IIasa ^"'^'' ■'^'"^ ■ Then we 
obtain the following morphism: 

■Q y/(f) > ya(A)./(a) ^ J-J" y<A(/)(A) ^ J-J" yp(A)_ 

aSJV' aSJV' ASA ASA ASA 

Thus we obtain the morphism Y^-^^ — > Y^''^ . The following lemma is easy to see. 
Lemma 2.2 The following morphism gives the decomposition ofY^^'h 

feS(N',p) 

In particular, it gives the equality in the Grothendieck ring Ko{Vk) of smooth k-varieties. I 
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2.3.3 Some formulas in KoiVk)[[N]] 

Let A be a finite set, and A'' be S{A). We denote the semi-group ring associated to N by Z[Af], i.e., ZIN] 
is the ring generated by the elements {a;'' | p £ A'^} with the relations x''^^''^ = x''^ ■ x''^ {p\,p2 £ N) and 
a;" = 1. We have the ideal p generated by {x'' \ p £ N ~ {0} }. We denote the completion with respect to 
p-adic topology by 1[[N]]. Let 5x denote the element of N such that (5a(A') is 1 (A = A') or (A 7^ A'). We 
put x\ ~ x^^ . The ring Z[A^] is isomorphic to a polynomial ring generated by {a::^ | A G A} over Z. The ring 
Z[[A'^]] is isomorphic to the ring of formal power series generated by {x\ | A G A} over Z. 

Let A be a countable set. For any finite subset Ai of A, we put Ni — 5(Ai). For Ai C A2, we have the 
natural morphism N2 — > iVi and thus Z[[iV2]] — > ^[[A^il]- We put Z[[N]] ~ lim^ ^^Z[[Ni]]. 

We denote the Grothendieck ring of the varieties over k by Ko{Vk)- Then we denote the ring Ko{Vk) ®z 
U^N\\ by A'o(Vfe)[[A'^]]. Let Zi, . . . Z„ and Y be varieties. The following lemma is easy to see. 
Lemma 2.3 The following equality holds in _K'o(Vfc)[[A'']]; 

I 

Let Ai (i = 1, 2) be sets. We put Ni ■— S{Ai) and A''- ~ T{Ki). Let g : Ni — > N2 be a homomorphism 
of semi-groups. 

Lemma 2.4 Let Y be a variety. Assume that a variety Zp is given for each p £ Ni. Then we have the 
following equality: 

E [n( E Yxzpf')^.x^^^-^f^= [n(^x^p)™].-^''^^*""- (6) 

Proof The left hand side can be rewritten as follows; 

[n.(E( E Y.zpf^.x-^)]^^[Y[_ n {j:{y-z,)^''-'-'''')], 

00 

= [n (E(^x^'')'''^'''*''0], 



/jeiv^ i=o pe9-i{M) ''£^2 peg-iC/j) J=o 



P6JV1 j=o 
It can be rewritten as follows: 

FeS{N{) peN[ 

By definition, we have the equality ^ F{p)p = (pAi (F). Thus we are done. I 
For elements A G Ai and A2 G A2, we have the numbers a(A,A2) G Z>o satisfying the equality g{Sx) = 
X^A2eA2 c'(A, A2)5a2- Let c : A''i — > Z>o be a homomorphism of semi-groups. For an element A G Ai, we 
put c\ := c{5x)- Let A'' denote an /-dimensional affine space over k. 
Lemma 2.5 We have the following equality in Ko{Vk)[[N]]: 



E [n( E YxA^^'Y '"] .x^^2(/)^ J] (^(rxA=-)(^).z(Ay 



/es{iv^)"Meiv^ pe9-i(M) ' " asAi 'j=o 



Here we put z{\) ~ x'^'^^ = IlA^eA^ ■ 

Proof We substitute Zp = A"^'''' into the equality (||). RecaU that we have the equality [Y x ^")(") = 
y(n) ^ j^an -^^ Ko{Vk) by the argument due to Totaro (See 0). Thus the left hand side can be rewritten 
as follows: 

E [ n ^'"^'■''''^] X • a;"'''^!*-^''. 

It can be rewritten as follows: 

00 

E E [ n ^'^'""l X vl^'"' ■ a^^f") = ^ F'") X A^f") • a^^f") = H (E^^ ^ ^'')''' ' ^(^)' 
Thus we are done. 
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2.3.4 V, M, Vo and Mo 



We put V ■- 5(Z) and V' := T (Z). Note that we have the natural inclusions AcV CU. We put := S{C) 
and M' :— T{C). An element of M or Ai' is described as r; = (r]a \ a € Z), where r]a is an element of S(Ca) 



(See subsubsection 1.1.2). For any element r\ — {rjc, | a G Z) of Ai, we put ||77|| := '}2a<o IVal- 

By construction, we have the maps (fiz '■ S{V') — > V and <f)c : S{Ai') — > M. We put S{'P' , v) := 4>^^{v) 
for V £ V. We also put S{Ai' , rf) := 4>'c^{''l) for V £ On the other hand, we have the map *1/ : M — > V 
defined as follows: 

^in) ■- V{u) - ueAcV. (8) 

For an element v of V, we put M{x) ■= Note that the image of M via the morphism ^' is A. 

We put Vo ■- <S({0}) = Z>o and P^, := T({0}) = Z> i. We put Mo — S{Co) and Xj, := T(Co). By 
construction, we have the maps i^^o} '■ S{T'o) — > Vo and (fico '■ S{M'o) — > Mo- We put S{Vq, a) :— ^^^^(a) 
for a £ Vo- We also put iS(A^oiP) •= 0Co(/') fo'' i° ^ Mo- Since Mo is isomorphic to <S(T({0})), we have 
the morphism ^{o} • Mo — > Vo- For an element a G 7^0, we put Mo{a) 4'{o} 



3 The cell decomposition of the punctual parabolic Hilbert 
schemes 

3.1 Fixed point set 

We consider the case X = — Spec k[x, y] and D = {{x, y) € X \ x = 0}. We denote the point (0, 0) by O- 
Let V be an element of A- We consider the punctual parabolic Hilbert scheme Xp"' which is the moduli of 
the parabolic ideals {I,Q^) such that the union of the supports of the torsion sheaves O/I and ICa {a ^ 0) 
is the set {O}- In this section, we see the cell decomposition of the parabolic Hilbert schemes of points on 
the surface by using the argument due to EUingsrud and Str0mme [0. 

We have the 2-dimensional torus — Spec k[X, , fi, ^~^]-action on X which preserves the divisor D: 
t - {x, y) = (A(i) • X, ^{t) - y). Thus we obtain the 2-dimensional torus action on X'"' ii X = A^ and D = A^ . 

The fixed point set of the G^-action on the punctual parabolic Hilbert scheme Xp"' is discrete and 
labeled by the elements rj £ M{v). The correspondence is explained in the following: 

Let {I,Qt) be the ideal corresponding to a fixed point set. The ideal I is generated by the monomials 
x^y''^, U = 0,1,..., r) where bo > bi > - ■ - > br > 0- We put 6i = for any i > r + 1. The tuple 
{&o, &i, &2, . . .} satisfies the equality ^ bi = n. 

We put £-1 := Ox ■ fj, and So '-— ^^^^qOx ■ Vj- The G^-action on S^i and So is given as 

follows: t - Vj := \{t)-' fj,{t)^^ Vj and t - fj := \{ty ^{if'^^'^ fj . Then we obtain the G^-equivariant resolution 
{S-i —y So) of /. Here the element fj is mapped to y*"^^^"^^ Vj —xvj-i £ So, and the element Vj is mapped to 
x^y''^ e I. Weput Joo := Od-vq and Id j ~ {Od /y'''-^'''' Od) -Vj . Then we have the natural isomorphism 
Id 2i ®j>olDj- 

Since (/, ^7*) has the Gm-action, the filtration is the direct sum of the filtrations Gj* = {Gj a | Q G Z} 
of /i5 j (j = 0, 1, 2, . . .). Here Qja is a quotient of Gja-i, we have Qj a = loj for any sufficiently small a, 
and we have Qa = ^jGja- We put ICj^a ■= Ker(C/i,ci — > Gj.a+i)- Note that A3o,o — Od, that the others 
/Cj,c, [j, a) / (0, 0) are torsion, and that /Co, a ~ for any a < 0. 

For a positive integer a > 0, we put ric,{j) := length(X^j,a) for any j > 0. For a non-positive integer 
a < 0, we put ?7a(j) ~ length(A3j,a) for any j > 0. Then rjc, gives the element of S{Ca)- Here we used the 
identification Ca with iS(iS({a})) (resp. 5(T({q}))) for q > (resp. a > 0). 

Thus we obtain the element rj = {rja | a G Z) of M- By definition, we have the equalities \ria\ — Pa{v) 
for any a G Z — {0}. We also have the equality J^a 't>{a}{'na) = J2iLo * ' i^i-i ~ ^0 — Po(i')- Here we used 
the identification of Ca with iS({a}) (a > 0), or T({q}) (q < 0). Thus it holds that ^'(77) — v. Hence rj is 
the element of M{v). 

On the other hand, we can reconstruct the fixed point from an element of M{v). Thus we obtain the 
correspondence. We denote the fixed point corresponding to 77 G M{v) by FP{ri). 



3.2 The weight decomposition of the tangent space 

Let V be an element of A and a_ be an integer. Assume that Pa{v) = for any a < q_. Let rj be an element 
of M{v). We have the Gj^-action on the tangent space of X'"' at the fixed point FP(r]). We calculate the 



9 



weight decomposition of the Gm-representation. Recall that the representation ring of is the Laurent 
polynomial ring Z[X, , fi, It will be convenient to admit some infinite sums. Thus we use the ring 

Z[[A, /i]] [A^^, ^^^], whose element is of the form X^i j>jv J ' ' M'' for some N £ Z and aij £ Z. The ring 
is called the representation ring for abbreviation. 

For the given ri, we put bi-i := J2j>i'l2c.Vci{j)- We also put h^.i := I]^>Q??/5(j) for i > or for 
i = 0, a > 0. Let {I,Q,) £ X'"' be a parabolic ideal corresponding to the fixed point FP{rf). Then the 
number ha,i is same as the length of the torsion sheaf Qc,,i- 

Proposition 3.1 In the representation ring of G^, the following equality holds: 

63-1-1 

l<i<j s = bj 

, \ ' \ ^ \ 7 — i / bi—b^—h^j+a bi—b^—h^ 



- J2 Jl Jl ^-»^6o-6,+a-h„_i,, J2 XJ^b,-bo--h,,o + a^ j^g^ 

Q,_<a<Oi>l a = j>0 a=0 

Here S denotes the set of {a,i,j) satisfying one of the following conditions: (i) a > a-, i > 1, and j > 1, 
(ii) a > 0, i > 1 and j = 0, or (Hi) a > 1, i — and j > 0. 

Proof We have the natural isomorphism Tppf^^s^X^'"^ ~ B°{C{I,g*)). We know that W{C(I,g,)) vanishes 
unless i = 0. Thus we have the following /('-theoretic equality; 

M«(c(/,e*)) = M*(Ci) + e*(Cpa.) :=^(-i)'ff(Ci) + ^(-i)W(Cp„.)- 

Here we know that IHI'(Ci) vanishes unless i = 0, and IHl''(Ci) is naturally isomorphic to the tangent space 
of X'"' at the fixed point corresponding to /. Thus the contribution of M*{Ci) = IHl''(Ci) was calculated in 
0. The result is the first term in the right hand side of the equality 

To see the contribution of M*{C2), we use the G^-equivariant resolution £-1 — > £0 of I. We have the 
direct sum decomposition Qa = 0^ Ga,i where is the filtration of the loi- We put E" := Ker(£o<8>C'D — > 
Ga). We have the natural decomposition E" = ©,-5". Note that E'^ = for any sufficiently small a and 
E°' — £0 (S Od for any sufficiently large a. 

For Gj^-equivariant sheaves Fa (a = 1,2) over D = , let Hom{Fi, F2) denote the G^-representation 
H^(D, Ti.omD{Fi, -F2)). Although it is infinite dimensional representation, it gives the element of our repre- 
sentation ring. It can be checked by a formal calculation that the contribution of G2 is same as the following 
in the representation ring of G^: 

a>a_ CK>CK_ CK>1 j>0 z>0 



Lemma 3.1 In the representation ring, we have the following equality: 



i>l j>l i>l j>l a=0 

Proof The sheaf E^ is a locally free sheaf of rank 1 generated by the section with the weight A'/i*'"'"''"'' . 
The C7/3j (j > 0) is the torsion sheaf of length hp^ generated by the section with the weight fJ"^ . Thus we 
obtain the result. I 

Thus the contribution of E<.>c_ E,>i J2j>i{Hom{E^ ,g^,,) - Hom{E^-\gc.j)) is as follows: 



• J ' 



a>a„ z>l j>l a — 

Next we see the contribution of the z = 0. 
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Lemma 3.2 Assume that a < 0. In the representation ring, we have the following equality: 



^ {Hom{ET, Gcfi) - Hom{Er\ S^.o)) = - ^ ^ 



6j +a — 
i:>l a = 



Proof When Q < 0, the sheaf Qafi is the locaUy free sheaf generated by the section with the weight jJ'° . 
The cokernel of the complex Hom{E" ^Qa,o) — > Hom{E"~^ ,Qafi) is torsion sheaf of length rja:-i{i). It is 
generated by the section with the weig ht A-V'"'-'''-''"-! '. Thus we are done. I 
Thus the contribution of Y.l=c_ ^2^>l [Hom{Ef, Sco) - Hom{Ef-^, g^.o)) is as follows: 

»Jq-i(»)-1 
a — a_ i>l a — 

When a > 0, the sheaf Qa,Q is torsion. Thus the weight decomposition of 'Yli>\Hom{E" ,Qi3fi) is similar 
to the case i > 1, j > 1. Hence the contribution of X/a>o X]i>i 

IS as 

follows: 

ha, 0-1 

^ )^-i^^-bi+bo-ha_i + a _ ^-bi + bo-h^^l_, + as^ 
a>0 i>l a=0 

We see the case i = 0. Note that Eq = if q < 0. When a > 0, the Eq is locally free sheaf generated 
by the section with the weight fJ'o+'^a,o^ Thus the weight decomposition of ^^y^^^j^^ Hom{EQ ,Qa.j) is 
as follows: 

h„ 3 -1 

EE E Av''^"'°"^°-°+". 

Qi>Oj>0 a=0 

Since Eq = 0, the weight decomposition of X]a>o X]j>o Hom{EQ^^ , Ga,j) is as follows: 



EE E 



a>l j>0 a=0 



By adding all, we completed the proof of Proposition 



3.1 



3.3 The number of cells 

We obtain the following corollary. 

Corollary 3.1 Let v be an element of A. The punctual parabolic Hilbert schemes have the cell de- 

composition. We have the bijective correspondence of the set of cells and M(v). The dimension of the cell 
corresponding to rj £ M{v) is n — \ \rj\\. 

Proof We only calculate the dimension of the cell corresponding to the fixed point FPijf) for each ri € 
M{v). We can use the same discussion as that in j^. 

For the parabolic ideal (/, Q,) corresponding to the fixed point FP{rf), we have the weight decomposition 
of the tangent space which is the Laurent polynomial with variables A and /i, i.e., it is of the form Tpp^^]) ~ 

ai j{r])\^ . Note that aij = for any satisfying i = Q and j > 0. We put S := | 377 € 

fli j (77) 7^ 0}. The set 5 is finite. For any pair of integers {wi,W2), we have the Cm-action on 
given by t ■ [x, y) — {t^^x, t^^y). We can take wi, W2 such that the following condition holds: For an element 
G -S*, the inequality i ■ + j ■ mi > holds if and only if i > 0. 

Then we have the induced Gm-action on the tangent space Tppj^). We count the number of the positive 
weight by using the isomorphism Tppj^j ~ ]HI'^(C(/,)). The contribution of ]Hl''(Ci) was calculated by 
EUingsrud and Str0mme Q; the result is X]i>o contribution of W {Cpar), it is easy to see that 

the number of the positive weights is the following: 

e'e"i = E^^>^ = EE'''^o)- 

j>l a-0 j>l j>l a>0 
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Thus the number of the positive weights in the tangent space Tpp^^i) is the following: 

E + E E ^"(^■) = E(j' - 1) E ^-0') + E E ''-(j') 

i>0 j>l a>0 j>0 a j>\ a>0 

= J2^Y1 '^-O') -EE = " - E E ''"(j)- (10) 

j>0 a a<0 j>l a<0 j>l 

The right hand side can be rewritten as n — ||77||. Hence we are done. I 

For any element v of U, the number e„ is defined to be (w 7^ 0) or f (i; = 0) . 
Corollary 3.2 Assume that p-{v) = 0. 

1. In the decomposition of X^^^ given above, the dimensions of the cells are less than n — tp^(^^) + . 

2. When p+{v) 7^ 0, the dimension of the cell corresponding to rj £ M{v) is n — ^p^(-v) + e-u if o.nd only 
1/770 = 0. 

3. When p+{v) = and v ^ 0, the dimension of the cell corresponding to rj £ Ai{v) is n — 1 if and only 
if rjo{i) ts Q (i ^ n) or 1 {i = n) . I 

The cells which have the maximal dimension are called the top cells. 

Corollary 3.3 If v is n-eg or n ■ bq + Ba {a > 0), then there exists the unique top cell in the decomposition 
of the punctual Hilbert scheme x],"' . I 

3.4 Briangon's theorem 

Let V be an element of A. 

Proposition 3.2 The union of the top cells is dense in the punctual parabolic Hilbert scheme Xp . 
Proof If p{v) = 0, the claim is the theorem of Briangon. So we only have to consider the case p{v) 7^ 0. Du e 



to the isomorphism given in subsection 2.2, we only have to consider the case P-{v) — (See Remark 2.1). 
We divide the argument into the following steps: (i) The case v = n-eo+Sa, (ii) The case v = n-eo+'}22=i 
(iii) The general case. 

(i) If w = neo + Ba, then X^^ is isomorphic to the punctual nested Hilbert scheme. Thus the irreducibility 
was proved by Ellingsrud-Str0mme 

(ii) For V — n-'Co+X^aii 1 '^0 7xeo+ea_,_ . Wc have the universal ideal sheaf / defined over 

X, and the universal quotient I (SiOd — <■ Qa^ defined over X],""' X D. We put K ■- Ker(/® — > Qc.+ ). 
On Xp""' X D, we take the resolution {F — > V) of K, that is, V/F ~ K. We consider the moduli scheme Filt 
of the tuple ([/, £/*) of a X'^^'-scheme U and the filtration V^|(7xd J-\ ^ T2 ^ ■ ■ ■ ^ Taj^-i — > J'aj^ = 
over U X D satisfying the following: 

• J-i are fiat over U. 

• length(Ker(.7^i — > ^i+i)\{u}xD) = 1 for any i — 1, . . . , a+ — 1 and for any closed point u of U. 

• The support of Ker(.7^i y'i+i)\{u}xD is {2;} for any i — 1, . . . ,a+ — 1 and for any closed point u of 
U. 

Then it is easy to see that Filt is smooth scheme over x],""'. The relative dimension of Filt over x],""' 
is (rank(V) — 1) x (q+ — 1). We have the natural morphism / : Filt x D — > X^°^ x D. We denote 
the projection of Filt x D to Filt by pi. On Filt x D, we have the universal filtration of f*{V). 
Thus we obtain the composite of the morphisms fF — > f*V — > J-i. Hence we obtain the vector 
bundle pi*{Hom{f* (F) , J-'i)) and the section s. The rank of the vector bundle pit{Hom{f* (F) , Ti)) is 
rank(_F) • {a+ — 1) = (rank(l/) — 1) ■ (q+ — 1). Thus the dimensions of any irreducible components of the 
0-set s~^(0) are larger than dim(Xp''°'). 

It is easy to see that s~^(0) is isomorphic to x|"'. Thus the dimension of each irreducible component 
of Xp"' is larger than dim(Xp"''') — n. On the other hand, we have the cell decomposition of Xp"'. The 
dimensions of top cells are n, and the dimensions of the other cells are strictly less than n. Thus we can 
conclude that the Xp"' is the closure of the top cells. 

(iii) For a general element v of A, we put a+ — X]a>o Pa{v), and v' — po{v) ■ bq + X^aii ^a- It is easy to 
see that we can take a surjective morphism of X'" ' onto X'"' such that the following is satisfied: 
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It is equivariant, and any fixed point corresponding to a top cell of X'" ' is mapped to a fixed 
point corresponding to a top cell of X'"'. 

It follows that the points contained in the top cells are mapped to the points contained in the top cells. 
Since X'" ' is the closure of the top cells, we can conclude that X'"' is the closure of the top cells of X'"'. I 

3.5 The class in the Grothendieck ring Ko{Vk) 

Let a' denote an Z-dimensional afiine space over k. For a variety Y and an integer a, we put as follows: 

oo 

Sa{Y,t) = J2{Y X e Ko{Vk)[[t]]. 

n=0 

Let X be a projective smooth surface and D be a divisor. We put as follows: 

Ho := Yl ^'"^ • = E ^'"^ • ^ KoiVk)[[V]]. 

Here we put X'"' := for any v ^ A. 

Theorem 3.1 We have the following equality in Ko{Vk)[['P]]: 

i>l a<Oi>l a>Oi>0 

In particular, we obtain the formula of the E -polynomials of the parabolic Hilbert schemes X'"' to describe 
m terms of those of the symmetric powers of X and D. 

Proof Let v be an element of V. From the decomposition X = (7 + _D, we have the following direct sum 
decomposition: 

a + b^Pai-v) a + pa{v') = pQ(-u), 

p(u') = p{u) 

The direct sum decompositions of t/^"' x D'" ' give the following decomposition of X^"' x D^'*^: 

a+pa(i'')^PQ(-v) 
{f,g)eS{Vl,,a)xS(V',-v') 

We have the Hilbert Chow morphism lo : X^"' — > x'""'")) x D^Pf")). The inverse image uj-^{ui-'^^ x dI"') 
with the reduced structure is denoted by X[f,g]. Then we obtain the following equality: 

Ho= X[f,g]-xt'»''' -x^-^^K (11) 

Let see X[f,g] in the following two cases: 

• a — n, b = 0, f{n) = 1 and f{a') = for a' ^ n. We denote such / by 5„. In this case g = 0. 

• a — 0, b = n, g{v) = 1 and g{v') — for v' ^ v. We denote such g hy S^,. In this case f — 0. 

We have the fibrations X[(5„,0] — > U and X[0,5.i,] — > D. The fibers are the punctual Hilbert scheme 
and the punctual parabolic Hilbert scheme respectively. The statement for X[S„,0] in the following lemma 
was proved by Gottsche [Q. 

Lemma 3.3 The fibrations X[5„,0] — > U and X[0,St,] — > D are Zariski trivial. 

Proof Since the ground field k is algebraically closed, we can take a Zariski covering {Ui} such that we 
have an etale map ipi : {Ui, Ui D D) — > (A^, A^) for each i. Since the families X[Sn, 0]\uinu — > U C\Ui and 
X[0, 5^][i7;nD — > D nUi are the pull backs of the families A^[S„,0] — > A^ and A^[0, 5^] — > A^ via the 
morphism tpi, we only have to prove that the families X[5„, 0] — > U and X[0, 5^,] — > D axe trivial when 
X — A^ and D = A^ . We can show such trivialities by using the translations — > A^,x i — > x+a, [a £ A^) 
and — iA^,xi — > x + a, (a e A'-). I 
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Let R{i) denote the punctual Hilbert scheme of the 0-schemes of l eng th i, and R{v) denote the punctual 
parabolic Hilbert scheme of the parabolic length v. Due to Lemma 3.3, we obtain the following equalities 
in KoiVk): 

X[S^, 0] = U X R{i), X[0, 5„] = D X R{v). 
Due to the result of Ellingsrud-Str0mme [Q] and Proposition |3.l| , we have the following cell decompositions: 

R{i)= Y[ A'^'-"^-^"^, i?(x)= II A''''^*^''"-!!''!!. 
peMoii) >7eAi(u) 

Here we put ||r7|| ~ '}2a<o Iv^l- We have the following isomorphism of the varieties: 

(n ^[^-0]'^*"")* (n MO, 5.]^'^"^^ 

Thus we have the following equality in Ko(Vk)- 

X[f,9] ={\{{Ux ft)'"''")^ X ( II (i? X (12) 



We put as follows: 



Then we have the equality Ho = ■ H2 ■ By applying Lemma p.5| , we shall obtain the formula for Hi and 
Hi- The generating function Hi is of the following form: 

E [n( E t/ X A^w{P)-iPiy^«)] .^mw. 

Recall that Mo = iS(T({0})). For any element a £ T({0}) ~ Z> 1, we have the equalities p{5a) — \5a \ ~ a — 1, 
and (ployiSa) = a. Thus we obtain the following formula: 

00 

Hi= H (5]((7 X A^-i)*^)*"^) = H SaMUX)- 

agZ> 1 i=0 a>l 

The generating function H2 is of the following form: 



E [n( E D.A^oiM. 



By applying Lemma 2.5, we obtain the following formula: 

= n (E(^ X • 

We have the decomposition C = Yiaez CJa- For any element u £ Co,, we have the equality = u. Hence 

we have and po{'^{Su)) ~ po{u) for u £ Ca. We also have the following equality for 

U G Ca- 

(a > 0) 

1 [a < 0). 

Thus we obtain the following formula: 

H2 = l[S,-i{D,xl) X H Il5'.-i(D,xj,-a;,.) X l[l[S,{D,xl ■ Xc,). (13) 

i>l a<Oi>l Q>Oi>0 

Note that we have the following equality: 

Sa{U,t) ■ Sa{D,t) = Sa{U + D,t) = Sa{X,t). 

In all we obtain the formula desired. I 
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4 The incidence varieties and their composition 



In this section, we only consider the paraboUc Hilbert schemes X'"' such that p-{v) — 0. We put U>o := 
Uo © U+, which is a subgroup of U. We put Cl := Co U C+ = C n W>o, -Cl ■= (-C) n U>o and 
Cl = Cl U (-Cl). We put Al ■-Ar\U>o. 

For any element v of W> o, the number e„ is defined to be 1 (?; = 0) or (ti 7^ 0). 



4.1 The incidence varieties 
4.1.1 M e Cl 

Let V be an element of Al- We put .4^(1;) {a G | w — a G ^l}- For any u G Cl and any a G ^_L(t;), 
the locally closed subscheme Z{v,u)a of X'"' x Yu x x'''^"' is defined as follows: 

5/ X \ liT r \ n n \\\ (^i, = (^2, 52.*) on X - {x}, \ 

1^^ '\ length^^O/JijC/i,*) = a, length^(C'/72,52,.) = a + w J 

Lemma 4.1 iei u, u and a be as above. The dimension of Z{v,u)a is as follows: 

d{v) + po{u) - |a|+ + 1 — ep^(a) + fa - ep+(a + «) + <^p+(a) ■ ^p+{a+-u)- 

Let V be an element of Al and u be an element of Cl- It holds that dim{Z{v,u)Q) = d{v) + po{u) + 1. Let 
a ^ be an element of Al(v). Then we have the inequality Aim[Z{v ,u)a) < d{v) + po{u) + 1. 

Proof It is easy to see the following equality: 

dim(Z(i;, = dim(X[''-"l) + dim(X["l) + dim(X],"+"l) + 1 + e^^f,, ■ ep+(„+„). 
Due to Corollary |3.2| , the right hand side is equal to the following: 

2po{v - a) + ^ pa{v - a) + po{a) 

= d{v) + po{u) + 1 - \a\+ - ep_|_(a) + fa - ep+(«+a) + e«+o + ep+(o+«) • <^p+{a)- (14) 

Since the elements u and a are contained in Al, the sum a + w is not 0. Thus we have ea+u ~ 0. Hence 
we obtain the first equality. It implies the equality in the case a — 0. 

If a 7^ 0, then = 0. We have the inequalities — |a|+ — fp+(a) < ~1 and — ep^(a+u) ■ (1 ~ £p+(a)) < 0. 
Thus we obtain the inequality in the case a 7^ 0. I 

We denote the closure of Z{v,u)o by Z{v,u), whose dimension is d{v) + po{u) + 1. We call it the 
incidence variety for {v,u) in the case u £C. 



4.1.2 u e -Cl 

Let V be an element of Al and u be an element of —Cl such that v + u is contained in Al- The incidence 
variety Z{v,u) C X'"' x x x'""*""' is defined as follows: We have the incidence variety Z{v + u,—u) 
which is a closed subvariety of x'''+"l x y_„ x X'"'. We have the isomorphism of x[''+"l x y„ x X'"! to 
X'"' x y„ X x'""^"' by the transposition of the first and third components. The image of Z{v + u, —u) is 
denoted by Z{v, u), which we call the incidence variety in the case u G —Cl- 



4.1.3 The dimension of the incidence variety 

Let V be an element of Al- We put Cl{v) :— {u G Cl \ v + u £ Al}- Recall that the function g : Cl — > 
{ — 1,0} is defined as follows: 

-1 {ue-CL, p{u)^o), 

(otherwise). 

Lemma 4.2 Let v be an element of A, and u be an element of C{v). The dimension of the incidence 
variety Z{v, u) is d{v) + po{u) + 1 + g{u)- 
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Proof In the case u G Cl, the equaUty is proved in Lemma 4.1, Let us consider the case u = —it' G —Cl- 
The dimension is same as the following: 

dim(Z(i; — u',u')) = d{v — u) + po(w') + 1 = d{v) - 2po{u') - \u'\+ + po{u') + 1 

= d{v) + 2po(w) - \u'\+ - po{u) + 1 = d(i;) + po{u) + 1 - \u'\ + . (15) 

It is easy to see that g{u) = — |it'|+ when u G —Cl- I 
Notation: We put d{v,u) := d{v) + po{u) + 1 + giu) for any a G and it G Cl{v). I 

4.2 Composition varieties 

Let V be an element of Al- We have the incidence varieties Z{v,u) for any v G .4l and u G Cl{v). We 
are interested in the correspondence morphisms induced by the incidence varieties and the composition of 
them. For any v G Al, we put Cl{v) :— {(wi, 112) G Cl \ v + ui G Al, v + ui + U2 G Al}- Moreover we 
put as follows: ^ 

CompL ■-= {{v, ui,U2) I V G Al, (ui, U2) G Cl{v)}. 

For any {v, m, wa) G CompL, we consider the product X'"! x Y^, x xl^+^il x x We denote 

the projections to X'"' x F„i x and x x by 7r4,5 and 7ri,2 respectively. Then 

we have the following subvariety: 

Z{v,ui,U2) := ■kZI{Z{v,ui)) nTVi^l{Z{v + 1x1,1x2)). 

The expected dimension d{v,ui,U2) of Z{v,ui,U2) is given as follows: 

d{v,Ul,U2) ~ 

dim(7r4-^(Z(t;,ui))) +dim(7ri"2'(Z(t; + ui,U2))) - dim(x[''' x Y^, x x y„, x X'''+"i+"^') 

= dim(Z(t;,ui)) + dim{Z{v + ui, U2)) - 
= d{v) + po{ui) + 1 + g{ui) + d{v + ui) + po(u2) + 1 + 5(1x2) - d{v + txi) 

= d(t;) + po(txi +U2)+2 + g{ui) + 5(1x2). (16) 

We have the intersection product (|^): 

[Z{v,Ui,U2)] ~ Tvt5{[Z{v,Ui)]) ■ ■Jvt^2{lZ{v + tXi,U2)]) G Cf/'d(„,„j,„2)(Z(t;,Ui,U2)). 

We denote the projection of X'"' x Y^, x x x to Jfl"' x x x 

by 713. Then we obtain the class TVst,{[Z{v,ui,U2)]) G CHa(^^^-^^^^-j{TV3{Z{v,ui,U2)))- 
For any (u, 141,1x2) G CompL, we put as follows: 

Sto{v,ui,U2) ~ {(ai, 02) G Xi\ai +Ui e Al, v - ai - a2 e Al}, 
Sti{v, ui, U2) ■-— {a G Al \ v — a e Al, a + ui e Al, a + ixi+U2G.4i,}. 

We consider the following locally closed subschemes ^(t), ui, 1x2)0,(0,1,02) ^^'i Z(v,ui,U2)i,a of Xl'"' xy„i x 
Y.u,2 xX'"^"^"''"^' : For any (ai, 02) G Sto{v, 1x1, 1x2), the subscheme Z{v, 1x1, 1x2)0,(01,0,) is defined as follows: 

Z(i;, 111, 1x2)0,(01,02) ~ 

(ir n \ ^ ^ ir n I / 2:2, (/i,^!,.) = (^2,^2,.) on X - {xi,a;2}, \ , , 

{{h,gi,.),xux2, (12,02,.)) \ length,^ (O//1, Si. )=a„length,^ (0/12,02. )=«.+". T ^ 

For any a G 5**1 (1;, 1x1, 1x2), the locally closed subscheme Z(i;, 1x1, 1x2)1,0 is defined as follows: 
Z(i;, 111, 1x2)1,0 ■-= 

\(iT n \ IT n \\\ {h,Qi,,) = {h,Q2,*) on X - {x}, \ . ■ 

Uih,g.,,),x,.,il2,g2..))\ iengthJO//i,gi.)=a,length,(0//2,e2*)=ixi+iX2 + a j' ^''^ 
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We denote the closures of Z{v, ui, 112)0,(01,02) ^^'^ ^i'"^ ui, 1*2)1,0 by ui, 1x2)0,(01,02) and Z{v, iti, 112)1,0 
respectively. We put as follows; 

^(i;,ui,it2) := y Z(i;, 1x1,112)0,(01,02) U IJ Z(i;, ui, 112)1,0- 

{ai ,a2)&Sto{v ,ui ,U2) ofzSti(iJ,'ui,it2) 

It is easy to see that the image 7r3(Z(i;, ixi , 1x2)) is contained in Z{v,u\,U2). 

The varieties Z{v, iti, 1x2)0,(01,03), ^(u, iti, 1x2)1,0, Z{v, 1x1, 112)0,(01,02), ^(1^, ui, 1*2)1,0 and Z{v, 1x1, 112) 
are called the composition varieties. In the next subsection, we show the following: 

Proposition 4.1 (Corollary |4. l| , Corollary 4.2 ) Let (w, 1x1, 1x2) he an element of CompL- 

1. The dimension of Z{v,u\,U2) is d{v,ui,U2). 

2. For IX £ Cl, the element k{u) G Al ts defined to be u (u £ ~Cl) or (ix G Cl). Then the component 
Z(v,ui,U2)o.(k(ui).k(u2)) has the expected dimension d(i;, 1x1, 1x2). 

3. When 1x1 G Cl and 1x1 + 1x2 = 0, then the component Z{v, 1x1, —1x1)1,(0,0) has the expected dimension 
d{v,ui,U2). It coincides with the diagonal component o/X''"' x Y^^ x y„i x X'"' ~ (X'"' x F)^. 

4- The dimensions of the other components are strictly less than the expected dimension d(D, ui, 1x2). 

4.3 The estimate of the dimensions of the composition varieties 

4.3.1 Z(t>,Mi,M2)o,(ai,a2) 

Let (d. Ill, 1x2) be an element of CompL- 

Lemma 4.3 For elements ai and a2 of Sto{v,ui,U2), the dimension o,/ Z(d, 1x1, 1x2)0,(01,02) '^^ as follows: 
d{v) + po(wi + 112) + 2 + ^ (^-|ai|+ - ep(„.) + to, - ep(o,+«,) + ^a.,+u, + <;p(«,) • <;p(o,) • <;p(o,+«i) , 

i = l,2 

Proof Let [{Ii,Gi,*), {xi, X2), {I2,G2,*)) be a point contained in Z(i;, 1x1 , 1x2)0,(01 ,02) ■ The contribution 
of the parts {Ii,Git)\x-{xi,x2} = {l2,Q2t)\x~{xi,x2} to the dimension of 1x1, 112)0,(01,02) is same as 
dim(X'''~"i~"^') = d{v — ai — 02). Note that Xi is contained in D unless p(iXi) = p{o,i) = p{ui + ai) = 0. 
Thus the contribution of {Ii,Gi*)xi, {l2,G2*)xi and Xi to the dimension of Z(i;, 1x1, 1x2)0,(01,02) is same as 
the following: 

dim(X|,°''') +dim(X|,°''"''"'') + (1 + ep+(„i) • ep{oi) • ep+(«,+o,)) 

= po{ai) — ep+(oi) + Eo; + po{ai + Ui) — ep_|_(oi+iii) + <^ai+ui + 1 + ep^(„i) ■ ep(oi) ■ ep+(ui+oi) 

— po{ui) + 1 + 2po{ai) — ep_|_(ai) + ^o; — ep+(oi+-ai) + eo,+ui + <;p+(ui) • ep(oi) • ep+(-ui+oi)- (19) 
Thus the dimension considered is the following: 



d(i;-ai -02)+ ^ (^po(ui) + l + 2po(ai) ~<:p+(oi) + eoi - ep_|_(oi+«i) + ea,+», +ep^(„,) ■ ep(oi) ■ <;p+(»i+o 

i = l,2 

= d(i;)+po(iii+iX2)+2+ ^ ( 

~ fp+(oi) + £oi — £p^(oi+iii) + eai+Ui + ep_|_(iii) ■ Ep(oi) ■ £p+(ui+o 



(20) 

Hence we are done. I 
We need the following estimate. 

Lemma 4.4 Let v,Ui, Oi be in the previous lemma. We have the following inequality: 

— \ai\+ — ep^(oi) + Eoi — ep+(oi+-ui) + eoi+-ui + <^p+{ui) ■ <^p(ai) ■ ep+(Mi+oi) < g{u-i). (21) 
It is an equality if and only if ai — Q or + ixi = 0. 
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Proof We divide the claim into the three cases: (1) Ui £ Cl, (2) Ui G —Cl and p+{ui) — 0, (3) Ui £ — Cl 
and p+{ui) 7^ 0. 

Case (1) We have the equahty gjuj) — 0. Since a; G Al, the element Oi + Ui is not 0. Thus eoi+u; = 0. 
If Oi 7^ 0, the left hand side of (Ell) is as follows: 

We have the inequalities -\a\+ - ep^(a,) < -1 and -ep_|_(a,+«i) + ep+(«,) • ep{ai) ■ f;p+(«i+<xi) < 0. Thus the 
left hand side of ( |2l[ ) is strictly less than 0. 

If ai = 0, then the left hand side of is equal to the following: —0 — 1 + 1 — ep_|.(„.) + („.) = 0. 
Case (2) We have the equality g{ui) — 0. Since ai + Ui is contained in Al, the element ai is not 0. Thus 
we have ~ 0. 

If ai + Ui ^ 0, then the left hand side of (^) is same as the following: 

— |ai|+ — ep^(a,.) — ep_|_{oi+ui) + ep+(ai) ■ ep+{ai+«i)- 

Here we have the inequalities — |ai|+ — <^p+{ai) < —1 and — ep_|_(ai+iii) + fp-|-{ai) ■ ^p^(ai+ui) < 0. Thus the 
left hand side of ( |2ll ) is strictly less than 0. 

If ai + Ui = 0, then p+{ai) — 0. It implies |ai|-|- = and ep^{a.) — 1. Thus the left hand side is same as 
the following: -0-1 + 0-1 + 1 + 1 = 0. 

Case (3) We have g{ui) = —1. Since Ui + ai is contained in Al, we have ai ^ and p+{ai) ^ 0. 

If ai + Ui 0, the left hand side of ( pl| ) is same as — |ai|+ — ep_|_(a.+„;). If \ai\+ > 2, then the left hand 
side is strictly less than —1. Assume that \ai\+ — 1. Since ai + Ui £ Al and since we have < 1, 

p+{ai + Ui) must be and thus ep_|_(ai+ui) ~ 1- Thus the left hand side is strictly less than —1. 

If ai + Ui = 0, we know the equalities \ai\+ = 1 and — |ai|+ — ep^{oi+Mi) + ^a^+ui = — 1 — 1 + 1 = —1. I 

We have the following direct corollary. 

Corollary 4.1 Let {v,ui,U2) be an element of C'ompL ■ Let (01,02) be an element of Sto(v,u\,U2)- We 
have the following inequality: 

dim(Z(i;, Wl,U2)o,(ai,a2)) < d{v,Ul,U2). 

It is an equality if and only if ai — Q or ai + Ui = for any i £ {1, 2}, i.e., (oi, 02) = k(u2)). I 

Notation: The locally closed subscheme Z{v,ui,U2)o,{k{'ui),k('U2)) is denoted by Z{v,ui,U2)o. The closure 
Z{v, wi, W2)o,(,t(«i),K(«2)) is denoted by Z{v, m, 1x2)0. I 

4.3.2 Z{v,Ui,U2)l^a 

Let (w, til, 1x2) be an element of CompL as usual. 

Lemma 4.5 Let a be an element of Sti{v,Ui,U2). Then the dimension of Z{v,Ui,U2)i,a is as follows: 

d{v) + po{ui + U2) + 2 + (^-|a|+ — 1 - ep+(a) + - <;p+(a + Mi+M2) + ^a+ui+U2 + f^p+l^i) ' '^P+(ii2) ' '^P+C")) ' 

Proof Let ((/i, 5i,*), (x, a;), (/2, 52,*)) be a point of ui, ?X2)i,a. The contribution of (/i, t/i,,)|x-{i} = 
{l2,G2,*)\x-{x} is same as dim(X'''~"') = d{v — a). The point a; is contained in D unless p+{a) — p+{ui) = 
p+{u2) = p+{a + ui + U2) = 0. Thus the contribution of {Ii,Qi,*)x, {l2,G2,*)x and x to the dimension of 
Z{v,u\,U2)\,a is same as the following: 

(po(a)-ep^(a)+ea) + (po(a + Wl+U2)-ep_|_(a+„i+„2)+ea+-ai+«2) + (l + '^P+{«l)''^P+(ii2)''^P+(a)''^P+(<i + iii+ii2)) 
= 2po(a) + Po(wi + 112) + 1 — <^p+(a) + — Cp^ {a + u,i +U2 ) + f^a + ui+-u.2 + <:p+{!ii) ' '^P+(u2) ' "^P+Ca)- (22) 

Thus the dimension considered is the following: 

d{v — a) + 2po(a) + Po(ui + U2) + 1 — ep+(a,) + Co, — <;p_|_(a, + ui+-ii2) + ea+-ai+-U2 + <=P+{mi) ' <=P+{«2) ' "^P+lo) 
= d{v) + Pq{ui +U2)+2+(^— |a|+ — 1 — ep_|_{o) +<;a — ep_|.(a+„j+„2) +<:a + -ui+«2 +(;p+(iii) •<;p+(ii2) ■ <=P+{a)) • 

(23) 

Hence we are done. I 
We need the following estimate. 
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Lemma 4.6 Let v,Ui and a be as above. We have the following inequality: 

-|ai|+ — 1 — ep_|_(a) + Co - ep+(a+-ai+-a2) + ^a.+ui+U2 + <^p+(ui) ' f;p+{«2) ' ^P+(o,) < + 5'(W2)- (24) 

It is an equality if and only if Ui G Cl and Ui -\- U2 = a — 0. 

Proof We divide the claim into the five cases: (1) Ui G Cl {i = 1,2), (2) Ui G — Cl {i — 1,2), (3) 
ui G —Cl and 1x2 G Cl, (4) ui G Cl, U2 G { — Cl) and p+(ii2) = 0, (5) ui G Cl, 112 G {—Cl) and 

/5+(w2) /O. 

Case (1) We have the equality g{ui) +3(112) = 0. Since a + ui + U2 7^ 0, the left hand side of ( p^ is equal 
to the following: 

— \a\+ — 1 — ep_|_{a) + Co — ep+(o+ui+-u2) + <^p+("i) ' <^p+{»2) ■ '^p+(a.)- 

We have the inequalities -ep^{o) + £0 < and -ep^{a+«i+«2) + ^p+("i) ' ^p+("2) ' ^p+(<i) < 0. Thus the left 
hand side of ( |2^ ) is less than —1. 

Case (2) Since a + ui + U2 is contained in Al, we know a 7^ and — |a|+ < g{ui) + g{u2). Thus the left 
hand side of (ji^) is less than the following: 

g{ui) + g{u2) - 1 - ep_^(o) - <:p+{a + «i+«2) + fa + «i+«2 + <^P+("l) ' <^P+{»2) ' '^P+Ca)- 

Since we have the inequalities -ep^(a+«i+«2) + e<x+-ai+«2 < and -ep_|_(<x) + <Sp+{«i) ■ <^p+{«2) ' '^p+Ca) < 0, 
the left hand side of ( |24[ ) is strictly less than g{ui) + 3(112) • 

Case (3) Since ui + a is contained in Al, we know that a 7^ and that — |a|+ < g{ui) = g{u\) + g{u2). 
Thus the left hand side of (^^ is less than the following: 

g{ui) + g{u2) - 1- ep_|_(o) - ep+{o+«i+«2) + e<x+«i+«2 + <^P+("i) ■ <^p+{m2) ■ '^p+(<i)- 
As in the case (2), it is strictly less than g{ui) + g{u2). 

Case (4) We have g{ui) + 3(1x2) =0. If a / 0, the left hand side of (H) is less than the following: 

— \a\+ — 1 — ep_|_(a,) — ep+{a+ui+U2) + ea, + -iii+U2 + <:p+{«l) ' <=P+{o)- (25) 

Since we have -ep+(a) + ep+(«i) ■ < and -ep+(a+«i+«2) + <:o+"i+"2 < 0, the left hand side of (|^) 

is less than —1. 

If a = 0, the left hand side of (^^ is equal to the following: 

— 1 — 1 + 1 — £p_|_(lli+li2) "I" ^"1+1*2 + ^p+{«l) ~ —1 + ^■u.i+u.2- 

It is less than = g{ui) + g{u2), and it is an equality if and only if ui + U2 = 0. 

Case (5) We have the equality 3(1x1) + 3(1x2) — -1. If a 7^ 0, then the left hand side of ( |24| ) is less than 
the following: 

-\a\+ - 1 - ep^{a) - ep_|_(a+«i+«2) + eo+«i+«2 < - 1 - ^p+Cq) < -2 < g{ui) + 3(112). 

Assume that a = 0, the left hand side is equal to the following: 

0— 1 — 1 + 1— £p^{«l+M2) + £mi+«2 + = — 1 — ep^{ui+U2) + ^■!ii+«2 ■ 

Our assumption that a + ui+U2 — 1x1+ U2 G Al implies the inequality Pa(ui +1x2) > for any a > 0. Since 
we have ui G Cl and 1x2 G —Cl, we obtain the equality pci(ui +U2) = for any a > 0, i.e., p+(ixi +1x2) = 0. 
Thus the left hand side of (H) is less than —2 + £111+^2 ■ l^ss than —1 — 3(1x1) + 3(112). It is equal to 
— 1 if and only if ui + U2 = 0. I 
We obtain the following direct corollary. 

Corollary 4.2 Let (u, 1x1, 1x2) be an elements of Camp l- Let a be an element of Sti{v,ui,U2). Then we 
have the following inequality: 

dim(Z(t;, 1x1, U2)i,a) < d{v,ui,U2). 

It is an equality if and only if ui G Cl and 1x1 + U2 = a = 0. I 

Notation: When ui G Cl and 1x1 + 1x2 = 0, we denote ^(u, ui, 1x2)1,0 by A'. The closure ^(1;, 1x1 , 1x2)1,0 
is same as the diagonal of X''"' x Yu,^ x F„i x X'"'. We denote it by ■ 
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4.4 The multiplicities 

Due to Proposition [4.l| , the cycle tts,, (^[Z{v,ui)] ■ [Z{v + ui, U2)]) contained in C-/yd(„,„j,„2) {Z{v, iti, 1*2)) 
is described as follows: 

TT3^,{[Z{v,Ui)] ■ [Z(v + Ui,U2)]) = a ■ [Z{v,Ui,U2)o] + P ■ h(Ui,U2) ■ A-^M^y^^ . 

Here a and /3 denote the multiplicities, and 1x2) is defined to be 1 (ui £ C, ui +U2 = 0) or (otherwise). 

We need to calculate the multiplicities. We put as follows: 

W—J Zil',Ul,U2) - (^{v,Ui,U2)o'J A'), (Ui e C, Wl + U2 = 0), 

I Z{v,ui,U2) — Z{v,ui,U2)o, (otherwise). 

Note that W is closed. We already know that dim(W) < d{v,ui,U2). We put U := X'"' x F„j x Y^^ x 
It is easy to see that U n'Z{v,ui,U2) = Z(i;, ui, 1x2)0 U A'. The intersection Z(v,ui,U2)n 
7r^^(C/) is divided into the disjoint union of 7r^^(Z(u, iti, 1x2)0) and 7r^^(A'). 

The subvarieties ■K4^5{Z{v,u-l)) and tti, 2(^(1' + 1x1,1x2)) intersect transversally at 7r^^(^(i;, 1x1, 1x2)0)- 
Thus the multiplicity a is 1. 

Let consider the multiplicity (3. Let to be the natural morphism x'"^' — > X'"^-'. We have the natural 
diagonal embedding F„j — > X'"^'. Let take a point x oiYu^, and then it gives the point of X'"^-*. We put 
X["ii := uj-\Y^,) and xt''^ ~ u;-^x) C xj^^'K 

The number (3 is same as the intersection number • [X^"''] in When p+(iti) = 0, the 

number [xi"^'] • [Xq""^'] is calculated by EUingsrud and Str0mme, which is ( — l)''o("i) .po(wi). The following 
lemma can be easily derived from their calculation. 

Lemma 4.7 When p+{ui) / 0, the number [xi"^'] ■ [xi"^'] is (-1)po("i). 

Proof We put po(wi) = n. Let x'"'""*"^' denote the nested Hilbert scheme, that is, the moduli of the pairs 
{Ii, I2) of the ideal sheaves on X such that length(0//i) = n, length(0//2) = n + 1 and that Ii D l2- It is 
weU known that x'"'"+^l is smooth. We have the morphism uj : x'"'"+^l — > X''"+^K We denote the small 
diagonal of X("+^) by A. We denote t^~^(A) by xi"'"+^'. Let take a point x of A. We denote uj-'^{x) 
by Xi"'"+^'. Ellingsrud-Str0mme calculated the intersection number [xi"'"+^'] • [xi"'"+^'] in x'"'"+^l. The 
answer is ( — 1)". 

We have the natural morphism H : x'"'"+^l — > X. The morphism is transversal with D. Moreover 
the restriction of H to Xq"'"^^' is also transversal with D. 

If IX is an element of C such that p+(ix) 7^ 0, then X'"' (resp. Xg"') is naturally isomorphic to H^^(D) 
(resp. -?/|~|^ Ti+i](^))- Thus the intersection number desired is ( — 1)". I 

In all, we obtain the following result. 

Theorem 4.1 Let (1;, 1x1, 1x2) be an element of CompL- In the group C-ff£j(„,„^,„2) (7r3(Z(i;, ui, 1x2))), we 
have the following equality: 

n3,{[Z{v,m)] ■ [Z(i; + ixi,ii2)]) = [^(i;,ixi,iX2)o] + /(ixi,iX2)- (-po(wi))W("i) .(-l)«^(«i) . A^Hxv^,- 
Here /(ixi,iX2) is defined to be 1 (ixi G C, 1x1 +112 = 0) or (otherwise). I 

5 The Heisenberg relation 

We consider the parabolic Hilbert schemes X'"' such that v is not necessarily contained in Al- 

5.1 The composition of incidence varieties 

Let V be an element of A. We put C{v) := {ix G C | i; + ix G A} and ix be an element of C{v). Then we have 



already introduced the incidence variety Z{v, ix) for {v, u ) in subsubsection 1.2.2 . The following lemma can 
be shown by an argument similar to the proof of Lemma 4.1 and Lemma [l.^ 

Lemma 5.1 The dimension of the incidence variety Z (v , u) is d{v) + po{u) + 1 + g{u) . Here the function 
g : C — > { — 1,1} is defined in subsubsection |l.l.2| . I 
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For V, the subset C'^(f) of is defined to be {(iii,W2) £ | w + ui G A, v + ui -\- U2 £ A}. 
The subset Comp of ^ x is defined to be {{v,ui,U2)\v G A, (ui,U2) £ C'^(v)}. For any element 
{v,ui,U2) £ Comp, we have the closed subscheme 7r3(Z(t;, ui, 112)) of X'"' x Y^^ x x x[''+"i+"2] jj^ 



subsection 4.2. Moreover the closed subscheme ^(u, 111,1x2)0 of X''"' x x Y^^ x is defined 



to be the closure of the following locally closed subscheme: 



yyii,yi,,),xi,X2, U2, t/2,,Jj | ^^^^^^^ (Ojl^Qx ,) = max(0, -u,), length,^ (O//2, ,) = max(0, u,) / ' 

Here max(0, u) denotes w (u £ C) or (u £ — C) for any u £ C. If (w, ui, U2) is contained in CompL, then 
Z{v, ui, 1x2)0 is same as the variety considered in the previous section. It is easy to see that the composition 
varieties are preserved by the morphisms of the form 'i'v,v'(i3) given in subsection 2.2, If /3 = —1, then the 
element 1) associated to w £ ^ n N{a-,a+) is an element of Al- The following theorem is a direct 
corollary of Theorem 



4.1 



Theorem 5.1 Let (v,U2,U2) be an element of C omp . We put d{v,ui,U2) :— d{v)+po{ui+U2)+2+g{ui) + 
g{u2). ThemTz{Z[v,u\,U2)) is d{v,ui,U2) -dimensional. Inthe Chow group CH^(^.„^u-^^^^-j{ti2{Z{v,ui,U2))), 
we have the following equality: 

7r3,([^(«,Ui)] ■ [Z{v + m,U2)]) 

= \Z{v,uuU2U+f{u,,U2) ■ (-po(wi) + Iml-)''""^' ■ (-l)''o("i)-l«il- . A^M.y^^. (26) 

Here f{ui,U2) is defined to be 1 (ui £ C, ui + 1x2 = 0) or (otherwise). I 

5.2 The commutator of the compositions 

Formally we can consider the parabolic Hilbert schemes for any w £ W: Since there exists no parabolic ideal 
with parabolic length v £ U — A, the variety X'"' is defined to be the empty set for such v. Let v be an 
element of U and u be an element of C. When one of u or d + ix is not contained in A, the incidence 
variety Z{v,u) is defined to be the empty set. Then we naturally obtain the varieties ■n2,{Z{v ,u-i,U2)) and 
Z{v, wi, 1x2)0 for any v £U and (wi, 1x2) £ u . 

Let (v, 1x1, 1x2) be any element of W x C^. We have the two varieties X'"' x x F„2 x a,nd 
X'"' X X X x'^+^i+^^L We denote the transposition of the second and third component by T23: 

r23 : XW xy„, xy„, xX[^+"i+"^' X^^' x x x Xl''+"i+"^l , {x^,X2,x^,x^) ^ {x^,x^,X2,x^}. 

Let TTs denote the projection of Xl"' x Y^^ x xl^+^i' x Y^^ x x^^+^i+^^l and Xl"' x x xl^+^^l x x 

onto X'^l X F„i X x and X^"! x x i^^i x Xl''+"i+"=^l respectively. For each 
element u £ C, the number sgn{u) is defined to be 1 (tx £ C) or —1 (tx £ — C). 

Theorem 5.2 iet d 6e an element of A and (1x1,1x2) be an element of C^ . Then we have the following 
relation m the group Ciyd{^,,«i,«2)(^'"' x ^"i x x xl''+"i+"2l); 

713. ([^(«,Ul)] ■ [Z{v + tXl, U2)]) — T2 3.vr3«([^(l», 1x2)] ■ [Z{v + U2, tXl)]) 

= . sgn{u,) ■ (-lpo(wi)l + |ui|_)'p(''i) . (-l)''o("i)-l"il- . A^M,^^^. (27) 

Proof It is easy to see that Z{v,ui,V2)o and r2 3 (^(■y, U2, 1x1)0) are same for any (d, 1x1, 1x2) by definition. 
Thus their closures are same. Hence the terms [^(u, 1x1, 1*2)0] and the T2 3 , ([^(f , 1x2, Wi)o]) are canceled. I 
Let u be an element of C and a be an element of ff*(y„). Let consider the operator q„(a) defined in 
subsection 1.2.2. We obtain the following direct corollary. 

Corollary 5.1 Let ui , U2 be elements of C . Let Oi be an element of LL* (Yu^) for i — 1,2. Then the following 
relation holds 



[q«i(ai),q«2("2)] = e„i+„2 ' m(wi) • ai ■ a2 j •ide(x,D)- 

Here idji(^x,D) denotes the identity of'R{X,D), and we put as follows: 

fi{ui) = sgn{m) ■ (-lpo(ui)l + luil^)^"'"!) (-l)''«("i)-l"il- . 
In particular, the number ^(ui) is not 0. 
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